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1. Introduction
L. Nachbin in his famous book ‘Topology and Order * published in

1965 [9] studied the relationship between topological and ordered structures. To study of the
interdependence between fuzzy topology

and order, Katsaras [7] inroduced fuzzy topological ordered spaces in 1981.Here fuzzy
topological ordered space is a triplet (X, T, sgwhere T is a fuzzy topology on X and <
is a crisp order on X. Various

separation axioms on fuzzy topological ordered spaces were studied by Bakier and Saady
[13],Chaudhari and Das [12], Nikumbh [14][15]. J.C.Kelley [1] introduced
bitopological spaces in

1963,since then the bitopological spaces have been subject of intensive investigation for
many topologists. Fuzzy bitopological spaces were introduced and studied by A. Kandil et.al.
[5]. Bitpological ordered spaces were given

by M, K, Singal and A. Singal [4] in 1971. In this paper we introduce Fuzzy
Bitopological Ordered Spaces. We develop various separation axioms for fuzzy
bitopological ordered spaces. Here we followed Chang’s definition of fuzzy topology while
ordering used on the space is crisp

2. Preliminaries
Let X be a nonempty set and | be the closed interval [0, 1] with its natural order.

Note: | is a complete completely distributive lattice with order re-

versing involution defined by a=1- a,a€l
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Definition 2.1: A fuzzy set pon X is a function on X into I.

Let IX denote the collection of all fuzzy sets on X.

Definition 2.2: A fuzzy topology T on X is a collection of subsets of

X such that

1. 0,1eT
2. if ,p€Tthen A\APNET
3.ifAjeTforallie AthenVvAj €T

(X, T) is called a fuzzy topological space. Members of T are

called fuzzy open sets and complements of fuzzy open sets are called fuzzy closed sets.

Definition 2.3: Let X be a nonempty set. A fuzzy topological ordered space is a triple
(X, T, <) where T is a fuzzy topology on X and < is a partial order on X.

Befinisien »2-4: A ifugrrsaisid anfyzzyyiapeleeieal soasa (2 I dngalled)a- pRighbgrhood

A fuzzy set p is open if and only if p is a neighborhood of each

x € X for which p(x) > 0.

Definition 2.5: A function f from a fuzzy topological space(X, T )

to a fuzzy topological space (Y, S) is called fuzzy continuous if f_l(p) is open in X for
each opensetpiny .

The function f is continuous at some xe X if f_l(u) is a
neighborhood of x for each neighborhood p of f (x).

f is continuous on X iff f is continuous at each x € X.

Definition 2.6: A fuzzy set p on an ordered set X is called

i) increasing if x <y = u(x) < u(y)

ii) decreasing if x <y = u(x) > u(y)

iii) order convex if x <z <y = w(z) > wx) A u(y)

Note that : Constant functions are increasing, decreasing and order

convex. If W is increasing then 1 — p is decreasing.

{Uj | 1 € A} is increasing (resp. decreasing) then p = A{Yj |1 € A}is
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also increasing (resp. decreasing).

Definition 2.7: Let pu be a fuzzy set in a ordered set X then the smallest increasing
set containing |, smallest decreasing set containing u and smallest convex set
containing P will be dendted by i(p), d(u) and c(j) respectively. Katsaras shown that

D)= {uy) ly< *é i) dwe) = {py) ly=x}.
i) c(u)(x) = {u(x1) A p(x2) | x1 <x <x2}
Note that: c() = i(1) A d(p).

The smallest increasing closed set containing [, the smallest

decreasing closed set containing p and the smallest convex closed set containing p will be
denoted by I(), D(u) and C(u) respectively. Definition 2.8: Let A be a fuzzy set of X and
be a fuzzy set of Y then A x i is fuzzy set of X x Y ,defined as

(A x (X, y) = MX) A p(y) foreach (x,y) € X x Y

Definition 2.9: Let X, Y be ordered sets and f be a function from
X toY .Then fis called increasing (resp. decreasing) if x <y in X
implies f (x) < f (y)(respectively f (y) < f (x)).

Proposition 2.1: Let X, Y1 be ordered fuzzy topological spaces .A function f: X — Y is
increasing if and only if f ~(p) is increasing in X for every increasing set pin'Y .

Proof: First, suppose that, f: X — Y is increasing and pH is

. . . . —1 _ 1 _ .
S incresbing, 1 00 < O)). As 1 1 incresbing. we heve (47 (o) SRth o). O e

f_l(u)(x) < f_l(u)(y).So,f_l(u) is an increasing function. Similarly,
we can prove the converse.
2.1 Fuzzy Bitopology

Definition 2.10: Let X be a nonempty set, T1, T2 be fuzzy topologies on X
.Then,(X, T1, T2) is called a fuzzy bitopological space.

A topological property can be generalized to the bitopological setting in several ways:
Let (X, T1, T2) be a bitopological spaceand T=T1 Vv T2.

For a topological property P, we say (X, T1, T2) is

- bi-Pif both (X, T1) and (X, T2) are P.

-join-Pif (X, T)isP.

-(1,2)Pif Pfor T1 w.rto T2.

-(2,1)Pif Pfor T2 w.rto T1.
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- pP (pairwise) if (1, 2)P A (2, 1)P

Definition 2.11: (X, T1, T2) be a fuzzy bitopological space. Then
i) (X,T1,T2)isp—Tq iff Xisbi—Tj.

i) (X, T1, T2) is p — T2 if for each pair of distinct points x, y € X
there exists a T1 open set A and a T2 open set p such that AAp =
0.

i) (X, T1, T2) is (i, j) regular if for each point x € X and each i-

closed set v such that v(x) = 0 there exists an i-open set A and

j-openset usuchthatx e A, v<pand A A u=0.

iv) (X, T1, T2) is p-normal if for every pair of fuzzy sets A, p in X

such that A A i = 0 ,where A is T1closed and p is T2 closed

there exists a T2 open set v such that A <v and a T1 open set $

suchthatp<éandvAd=0.

V) (X, T1, T2) is hereditary p-normal if its every bitopological

sub- space is p-normal.

Note That: If (X, T, <) is a fuzzy topological ordered space,then we can show that
Ty ={1 € T|nisincreasing}

and
T ={u € T | pis decreasing}

are fuzzy topologies for X ,called respectively the upper and lower fuzzy topologies.

Then, (X, Ty, T) is a fuzzy bitopological space.

3. Pairwise T1 Ordered Space

Definition 3.1: Let X be a nonempty set. A fuzzy bitopological ordered space is a

quadruple (X, T1, T2 <) where T1, T2 are fuzzy topologies on X and < is a partial order on
X.

Definition 3.2: A fuzzy bitopological ordered space (X, T1, T2, <) is
said to be lower (resp. upper) pairwise T1-ordered if for each X, y €
X such that x £ vy, there exists a decreasing (resp. increasing) T1 or
T2 neighborhood A of y (resp. of x) such that x €/ X (resp. y €/ )),

(X, T1, T2, <) is said to be pairwise T1 ordered if it is both upper and
lower pairwise T1 ordered.

Definition 3.3: (X, T1, T2, <) is said to be pairwise T ordered if it is either upper or lower
pairwise T1 ordered.
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Lemma 3.1: If (X, T1, T2, and <) is pairwise T1 ordered space then it is pairwise T ordered
space

Proof: Follows from the definition.

Proposition 3.1: (X, T1, T2, <) is a pairwise T1 ordered space if for

each x € X, xIx and yux are Tj closed sets.
Proof: Suppose (X, T1, T2, <) is a fuzzy bitopological ordered space

such that for each x € X, x|y and yx are Tj fuzzy closed sets. Let a, b
€ X with a £ b. By hypothesis, A = yX—|p € T and Ma) >0,
Mb) = 0. Now let x <y we want to show A(X) < A(y).

If A(x) = O then the result is obvious.

L2309 5, YR 19 corrictibnf Fetes & KWhISHERDAYYS £ (because ity <bthenx <y
= MX) = M(y).

Ergﬁt}é 'Ssﬁﬂilié‘r‘i&ei‘éﬁ?ﬁg”ﬁ igh;?&hﬂgﬁj ° 8ns\yecrrs]e ?/,ag)&%af,'Fz?g’)kl(sb}u:zzytﬁaﬂWFsrecﬁie dﬂfé're%‘?
each pair a £ b in X, there exists a decreasing Tj-open

neighborhood | of b such that p(a) = 0.

For each b € X — ug,we have yxX—ya (b) > 0 So, p < yX—ua .
Hence, yX—ua is a neighborhood of b so that yya is closed.

Similarly, y1p is closed for each a € X.

Proposition 3.2: (X, T1, T2, <) is a pairwise lower (resp. upper) T1
ordered space if for each a, b € X such that a £ b,there exists a
fuzzy Tj open set A containing a(resp. b)such that x < b(resp .a £ x)
forall x € A.

Proof: Suppose (X, T1, T2, <) is a pairwise lower T1 ordered space
and a, b € X such that a £ b . Then by definition there exists an
increasing fuzzy T1 open set A such that A(a) > 0 and A(b) = 0. For
each x € A we have A(x) > 0.If x < b then we have A(b) > A(X) >

0,which is a contraction. Hence, x < b.
Conversely, suppose for each a € X consider 1 —yya -Thenb € 1 —yua

implies a £ b. Then by hypothesis there exists a fuzzy open set A
containing a such that x < b for all x € A. So, A is an open set such
that a € A <1 — yya. Hence, yua is a closed set. Hence, (X, T1, T2, )

is a pairwise lower T1 ordered space
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Proposition 3.3: If (X, T1, T2, <) is a pairwise lower (resp. upper)
T1 ordered space and Tj < Tj* for i=1,2) ,then (X, T1 *, T2 ¥, <) is also
pairwise lower (resp. upper) T1 ordered.

Proof: Let (X, T1, T2, <) be a lower pairwise T1 ordered space. Then

for every x, y € X such that x <y, there exists a decreasing T1 (or

T2) neighborhood A of y which does not contain x.

Since Ty <T1 * (T2 < T2 ™), there is a decreasing T* neighborhood
(resp. T * neighborhood) of y which do not contain x. Hence X is
lower pairwise T1 ordered space.

Similar, proof for upper pairwise T1 ordered space.

Theorem 3.1: If (Y, S1, S2, 5') is a pairwise T1 ordered space, f:(X, T1, T2, <) — (Y, S1,

S2, S') is order preserving continuous function. Then (X, T1, T2, <) is pairwise T1 ordered
space.

Proof: Let x <y in X. Since f is order preserving f (x) <f (y)inY
.Hence, there exists an increasing (decreasing) Tj neighborhood 1*
such that L*(f (x)) > 0 (A" (F (y)) > 0) and L*f (y) = O(L™f (x) = 0). Let
A= f_l(x*) As fis order preserving and fuzzy continuous A is an

increasing (decreasing) Tj neighborhood in X. Also, A(x) > 0(A(y) >
0) and A is not a fuzzy Tj neighborhood of y (resp x). Thus, X is fuzzy T1 ordered.

Definition 3.4: Let {(Xt, T1t, T2t, <t) | t € A} be a family of or- dered

fuzzy bitopological spaces. Let X = [[{Xt|t € A}

and let T1 and
@) Reythe grgqtppg({tglzyttqugqg{eé AnPhekek< © X x X be defined as, for x = (xt) and y =

is a partial order on X. The ordered fuzzy bitopological space (X, T1,
T2, <) is called the ordered fuzzy topological product of the family
(Xt, T1t, T2t, <t) [t € A}.

Theorem 3.2: The product of a family of pairwise T1 ordered fuzzy bitopological spaces
is a pairwise T1 ordered fuzzy bitopological space.

Proof: Let {(Xt, T1t, T2t, <t) | t € A} be a family of fuzzy pairwise T1

ordered fuzzy bitopological spaces and (X, T1, T2, <) be the fuzzy
Bitrpolpgicak pEAdHst Q(rxdgr% space. Let x =(xt), y =(yt) € X be such that X<y .Then, there
Since (Xq, T1a, T2q, <o) is fuzzy pairwise T1 ordered ,there exists an
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increasing open set Aq, in Tjg such that Aq(Xq) > 0 and Ag(Yq) = 0 and an decreasing open set
Mg in Tja such that pg(Xe) =0 and pg(yq) > 0.

Define A = [ {\ |t€|A} where A= Xif t#a and
t t t

M =J]{M |[t€|A} where u= Xif t#a
t t t

Then A increasing or decreasing Tj open set such that A(x) > 0, A(y)
= 0 while u(x) =0, p(y) > 0.

My)= THAt [t € AXY)

=min {it(yt) [t € A}

= min {{At(yt) |t~ a}, La(Yo)}

=min {1, 0}
=0
Hence, (X, T1, T2, <) is pairwise T1 ordered fuzzy bitopological space.

Definition 3.5: Let (X, T1, T2, <) be a fuzzy bitopological ordered

space and Y < X. Then (Y, T1y , T2y , <y )where <y =<N(YxY) and
Ty ={a|y | o € Tj}is called Tj compatible subspace of (X, T1, T2, <)
iff for each Tjy open increasing (resp. decreasing) fuzzy set p , there
exists a Tj open increasing (resp. decreasing) fuzzy set u* such that p
=Wy .

Theorem 3.3: Every Tj compatible subspace of a fuzzy pairwise T1
ordered bitopological space is a fuzzy pairwise T1 ordered

bitopological space.

Proof: Let (Y,T1Y,T2Y, <Y) be a Tj compatible subspace of(X,T1,T2,
<). Leta,b e Ysuchthata £ b. So, a, b € Xsuchthata £ b. As X

is fuzzy pairwise T1-ordered there exists an increasing neighborhood

A* ofain X such that A*(b) = 0 and a decreasing neighborhood u* of b in X such that p *ﬁa)
ISgThen A = A*|y is an increasing neighborhood of a in Y such that A(b) =0 and p =
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decreasing neighborhood of b in Y such that p(a) = 0.

Hence (Y, T1Y, T2Y, <Y) is fuzzy pairwise T1 ordered.
4. Pairwise T2 ordered space

Definition 4.1: A fuzzy bitopological ordered space (X, T1, T2, <) is
said to be pairwise T2-ordered if for each x, y € X such that x £y,
there exists a decreasing T1 neighborhood (or a T2 neighborhood) A
of y and a increasing T2 neighborhood (or resp. a T1 neighborhood)
p of x such that A A p = 0.

Proposition 4.1: Let (X, T1, T2, <) be a fuzzy pairwise T2-ordered space
and Y c X. Then, every T -compatible subspace (Y,T1y, T2y, <v) is also
fuzzy pairwise T2 ordered.

Proof: Let (Y,T1Y, T2Y, <Y) be a T compatible subspace of (X, T1, T2, <).
Leta, b € Ysuchthata < b. So, a, b € X such thata < b. As X is

pairwise T2-ordered there exists an increasing neighborhood A* of ain X
and a decreasing neighborhood p* of b in X such that A* A u* =0.Then,

afhAA|Y sscim tiratrasingnighborhood of a in Y and p = u*|y is a decreasing neighborhood
Hence (Y, T1Y, T2v, <y) is fuzzy T2 ordered.

Proposition 4.2: If f is a order preserving fuzzy continuous mapping from (X, T1, T2,

<) to a fuzzy pairwise T2ordered space (Y, 61, 62, §’) then (X, T1, T2, <) is also fuzzy
pairwise T2 ordered.

Proof: Suppose f: (X, T1, T2, <) — (Y, 81, 92, S') is an order

preserving fuzzy continuous map. Let x £ y in X. Hence f (x) < f

(y) in Y. But (Y, 41, 62, 5’) is a fuzzy T2 ordered space, so there exists

an increasing fuzzy open set A and a decreasing fuzzy open set u

such that A is a fuzzy open neighborhood of f (x) and p is a fuzzy

open neighborhood of f (x) such that A A u=0.

Since, f is increasing, A is increasing it follows that f_l(X) IS

increasing. Also, since f is increasing, W is decreasing it follows that f_l(u) is decreasing.

Also, f is continuous, implies f_l(x) and f_l(u) are fuzzy open sets containing x and y
respectively.

fFloaflw=rloarpw=r10) =0

Hence, X is fuzzy T2 ordered. Similarly we can prove the result for
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decreasing function.

Theorem 4.1: The product of a family of fuzzy pairwise T2 ordered bitopological spaces is
also fuzzy pairwise T2 ordered bitopological space.

Proof: Let {(Xt, T1t, T2t, <t) | t € A} be a family of fuzzy T2 ordered
spaces and (X, T1, T2, <) be the product of ordered fuzzy

bitopological spaces.

If (Xt, yt) € X such that xt < yt then there exists tg € A such that xtg £
yt0 . Then there exists fuzzy open sets At0 and pto in XtQ such that A0 is
increasing and pto is decreasing ,AtQ is a fuzzy open neighborhood of
Xt0 , Mt0 is fuzzy open neighborhood of yt0 and At0Apt0 = 0.

Define A :H N

t

tEAwhere A = 1

Xtwhen t#t
0

and

u=1Ju
t

tEAwherep =1
X

twhen t#t
0

Then A is an increasing fuzzy open set of X and is a decreasing

fuzzy open set of X such that A is a fuzzy open neighborhood of xt

and p is a fuzzy open neighborhood of yt and A A u=0.
Hence (X, T1, T2, <) is fuzzy pairwise T2 ordered bitopological space.

Proposition 4.3: Every fuzzy pairwise T2 ordered bitopological space is a fuzzy
pairwise T1 ordered space.

Theorem 4.2: A fuzzy bitopological ordered space (X, T1, T2, <) is
a pairwise T2 ordered space then for each pair a, b € X such that a <
b, there exists a increasing Tj fuzzy open set A and a decreasing Tj
fuzzy open set p such that A(a) > 0, p(b) >0 and A(x) >0, u(y) >0,
together imply x £ y.
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Let a, b € X such that a £ b, there exists a increasing Tj fuzzy open
set A and a decreasing Tj fuzzy open set p such that A(a) > 0, p(b) >
0 and

A(x) >0, pu(y) > 0.

Suppose x <y. As A is increasing and  is decreasing we have A(x) <
AW =20d H1(Y) < pu(x),we get 0 <A(x) A pu(y) <A(y) A |(X), which is a contradiction because A

Definition 4.2: A fuzzy bitopological ordered space (X, T1, T2, <) is
called fuzzy almost pairwise T2 ordered space if for any a, b € X
such that a < b ,there exists a increasing Tj fuzzy open set A and a
decreasing Tj fuzzy open set [ such that A(a) > 0, p(b) > 0 and A(x)
>0, u(y) >0, together imply x £y

Remark 4.1: Above theorem shows that if (X, T1, T2, <) is a fuzzy

pairwise T2 ordered space then (X, T1, T2, <) is a fuzzy almost pairwise T2 ordered
space.

Definition 4.3: A fuzzy bitopoogical ordered space is said to be
pair- wise Urysohn ordered space if for x, y € X such thatx £y
;there exists an increasing Tj open set A and a decreasing Tj open set
M such that A(x) >0, u(y) >0 and Ij(x) A Di(W) =0, i~],i,j=1, 2.
Clearly, every fuzzy pairwise Urysohn ordered bitopological

space is a fuzzy pairwise T2 ordered space.

5. Pairwise Regular Ordered Space

Definition 5.1: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise
lower (resp. upper)regular ordered if for each Tj- closed decreasing fuzzy set A (resp.Tj-
closed increasing fuzzy set)

and for each x € X such that A(x) = 0 , there exists an increasing Tj
open set | (resp. decreasing Tj open set) and a decreasing Tj open
set v (resp. increasing Tj open set) such that p(x) >0, A<v,HAvV=
0.

(X, T1, T2, <) is said to be pairwise regular ordered iff it is both pairwise upper and lower
regular ordered.

Definition 5.2: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise T3
ordered if it is pairwise regular ordered and pairwise T1 ordered.

Proposition 5.1: A fuzzy bitopological ordered space (X, T1, T2, <)
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is fuzzy pairwise lower (resp. upper) regularly ordered iff the

following condition holds: For each x € X and an increasing (resp.
decreasing)Tj- open fuzzy neighborhood p of X, there exists an
increasing (resp. decreasing) Tj open set v such that v(x) >0 and v <
lj(v) < u(resp. v < Dj(v) < ).

Proof: Suppose (X, T , <) is fuzzy lower (resp. upper) regular
ordered space. Let x € X and let p be an increasing (resp
.decreasing)Tj-open neighborhood of x, then 1 — p is Tj-closed,

decreasing(increasing)in X and (1 — p)(x) = 0.

By hypothesis there exists increasing (decreasing) fuzzy Tj open set v and decreasing
(increasing) fuzzy Tj open set A such that v(x) > 0,

1-p <A A Av=0.Hence,v <1-A < So, lj(v) < Ii(1-2) = 1-A. Since
1-Ais Tj-closed, v < lj(v) < u(v < Dj(1) < W)

Converse is straightforward.

Proposition 5.2: A fuzzy bitopological ordered space (X, T1, T2, <)
is fuzzy pairwise regular ordered if and only if for every x € X and

decreasing( resp. increasing) Tj-open fuzzy set A containing X, there

exists a decreasing (resp. increasing) Tj-open fuzzy set p and a decreasing (resp.
increasing) Tj-closed fuzzy set v such that p <v <.

Proof: Follows from the above proposition.

Proposition 5.3: If (X, T1, T2, <) is fuzzy pairwise regular ordered space then every T-
compatible ordered subspace (Y, Ty, <y) is also fuzzy regularly ordered.

Proof: Let (Y, T1y , T2y , <Y ) be T -compatible ordered subspace of the fuzzy pairwise
upper regularly orgered space (X, T1, T2, S)

and let x € Y and p be any Tjy open decreasingg]fuzzy neighborhood of xin Y .Thus, there
%lstsgj i'[;ifaggg ggméng fuzzy set A* such that A = x*?y with A*(x) > 0.Since,(X, T1,

upper regular ordered then there exists a Tj-open decreasing fuzzy
set u* such that p*(x) > 0 and u* <D(u*) <A*
By restriction of p* and D(u*) by Y we have that p < D(u) < A and

(Y, T1ly , T2y, <y ) is fuzzy pairwise upper regular ordered.
Proposition 5.4: If (X, T1, T2, <) is fuzzy pairwise lower or upper T3

ordered then (X, T1, T2, <) is fuzzy pairwise T2 ordered.

Proof: Let x £ y in X and suppose (X, T1, T2, <) is pairwise lower T3-

ordered then Ay is Tj-closed and decreasing and Ay (x) = 0. Since, (X, T1,
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T2, <) is fuzzy pairwise regularly ordered, there exists an increasing Tj

neighborhood 1 of x and a decreasing Tj neighborhood v of ly such that p A
v=0.

Since, v is a Tj-neighborhood of ly, it is a Tj-neighborhood of y. So, (X, T1, T2, <) is fuzzy
pairwise T2 ordered.

Theorem 5.1: The product of a family of fuzzy pairwise regular ordered spaces is also
fuzzy pairwise regular ordered.

Proof: Let {(Xt, T1t, T2t, <t) | t € A} be a family of fuzzy pairwise
regular ordered spaces and (X, T1, T2, <) be the product of fuzzy
topological ordered spaces.

Consider, x € X in the product topology.

Let yu be a decreasing fuzzy Tij-open set containing x. Since, the
projection Py : X — Xt is order preserving continuous function, the
point xt is contained in a decreasing Tit -open set At for eacht € A
such that u = {P~ () |t € AL

As (Xt,T1t, T2t, <¢) is fuzzy pairwise regular ordered, there exists a
decreasing Tjt -open set vt such that

Xt € vt <D(vt) < ut

-1 -1

X € Pt(vt) <Pt(D(vt)) < p

Hence, (X, T1, T2, <) is fuzzy pairwise regular ordered.

6. Pairwise Normal Ordered Space

Definition 6.1: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise
normal ordered if for each decreasing fuzzy Tj

closed set A1 and each increasing fuzzy Tj closed set A2 such that 11 A
A2 =0, there exist fuzzy Tj open decreasing set p1 and fuzzy Tj open
increasing set p2 such that A1 <1, A2 <p2 and pg A p2 =0.

Definition 6.2: A fuzzy bitopological ordered space (X, T1, T2, <) is
said to be pairwise T4 ordered if it is pairwise normal ordered and

pairwise T1 ordered.

Definition 6.3: A fuzzy bitopological ordered space (X, T1, T2, <) is called a fuzzy
pairwise normally ordered space iff the following condi- tion is satisfied : Given a
decreasing(resp. increasing) Tj-closed fuzzy set p and a decreasing (resp. increasing) Tj-

open fuzzy set p such thaty < p, there exists a decreasing (resp. increasing) Tj-open
fuzzy set p1 and a decreasing(resp. increasing)Tj-closed fuzzy set p1 such that p <p1 <

W1 <p.
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Definition 6.4: If p is a fuzzy set in a fuzzy bitopological ordered space X, we define

DT (W) =inf {p | p>, Tj closed and decreasing} Clearly, DT;j (1) is the smallest decreasing
fuzzy set in (X, Tj, <) which
contains .

Proposition 6.1: (X, T1, T2, <) is a fuzzy pairwise normally ordered space iff the following
condition is satisfied:

Given a decreasing (resp. increasing) Ti closed fuzzy set JJ and a de- creasing _(resp.
increasing) T{-open fuzzy set p with u < p, there exists a decreasing (resp. increasing) Tj

open fuzzy se

<p1 <Dj (p1) <p (resp.u<p1 <lj (p1) < p).

Proof: Let (X, T1, T2, p) be a fuzzy pairwise normally ordered space. Let u, p be
given as in proposition. By definition, we have a decreasing fuzzy Tj open set piand a
decreasing fuzzy Tj closed set

M1 such that p<p1 <p1 <p.

p1 such that p

Since, Y1 is a decreasing fuzzy Tj closed set such that p1 <1 we have

H<p1 <Dij (p1) <M1 <p.

Conversely, suppose [ is a decreasing fuzzy Tj closed set and p is a decreasing fuzzy Tij

open set such that p < p. Hence by condition of proposition, there exists a decreasing fuzzy
j open set p1 such that

M <p1 <Dj (p1) < p. Clearly, Dj (p1) is the smallest decreasing fuzzy Tj closed set
containing p1.Put p1 = Dj (p1). Then, p<p1 <pu1 <p. Hence, (X, T1, T2, p) is a fuzzy
pairwise normally ordered space.

Proposition6.2: Every fuzzy pairwise normally ordered bitopological space is fuzzy pairwise
regularly ordered space.

Proof: Suppose (X, T1, T2, <) be a normally ordered space. Let x €

X,

M be a decreasing Tj-closed fuzzy set and p be a decreasing Tj-open neighborhood of x
with 1 < p. By normality, there exists a decreasing Tj-open fuzzy set A such that p <
<Dj (M) <p.So, (X, T1,T2,9)is

fuzzy regularly ordered.

Definition 6.5: A fuzzy pairwise normally ordered bitopological space which is also
fuzzy pairwise T1 ordered is called fuzzy pairwise T4 ordered bitopological space.

Corollary 6.1: Every fuzzy pairwise T4 ordered bitopological space is fuzzy pairwise T3
ordered bitopological space.

Proof: follows from proposition

Proposition 6.3: Every biclosed subspace of a fuzzy pairwise normally  ordered
bitopological space is fuzzy pairwise normally ordered bitopological space.
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Proof: Let (Y, T1y, T2y ,<y ) be a biclosed subspace of a fuzzy pairwise normal
ordered space (X, T1, T2, ).

Let p* and p* be a decreasing T1y -closed and Ty -open fuzzy sets respectively

such that u* <p*.

Since, u* and 1 — p* are T1y -closed and T2y -closed fuzzy sets

respectively and Y is closed, so,u™ and 1 —p* are T1-closed and T2-

closed fuzzy sets.

~ u* and p* are T1-closed and T2-open fuzzy sets respectively with

ur <p*.
Since (X, T, <) is fuzzy normal ordered there exists a decreasing Tj-

open fuzzy set p1 and a decreasing Tj-closed fuzzy set 1 such that

W <prspr<p’
It follows that, p* = p1|y is a decreasing T1Y open fuzzy set and p* = p1ly

isa T2y -closed fuzzy set such that p*< p*and p} <pi<p*<p*. .

Hence, (Y, T1y ,T2Y,<Y ) is fuzzy pairwise normally ordered.
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